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Abstract: - A review of multi-criteria optimization concepts and methods is presented. The techniques provide 

solutions to the problems involving conflicting and multiple objectives. Several methods based on weighted 
averages, priority setting, outranking and their combinations are employed. The application and procedure in 

respect to material selection is presented. It is observed from the literature that no single approach is superior, 

rather, the selection of a specific method depends on the type of information that is provided in the problem, the 

designer‟s preferences, the solution requirements and the availability of software adopted. 
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I. INTRODUCTION 
 Optimization is an engineering discipline where extreme values of design criteria are sought. However, 

quite often there are multiple conflicting criteria that need to be handled. Satisfying one of these criteria comes 

at the expense of another. Multi-objective optimization deals with such conflicting objectives. It provides a 

mathematical framework to arrive at optimal design state which accommodates the various criteria demanded by 
the application. The process of optimizing systematically and simultaneously a collection of objective functions 

are called multi-objective optimization (MOO). 

 The similarity between single- and multi-objective optimization makes it possible to use the same 

optimization algorithms as for the single-objective case. The only required modification is to transform the 

multi-objective problem into a single criterion optimization problem. But the resulting solution to the single 

objective optimization problem is usually subjective to the parameter settings chosen by the user (Stadler, 1984; 

Mohammad, 2005). Moreover, multi-criteria optimization requires simultaneous optimization of multiple often 

competing or conflicting criteria (of objectives). 

 A multiple criteria decision making (MCDM) process is a system that helps with making decisions 

under multiple, but conflicting criteria. The conflict of these objectives or criteria arises because improvement in 

one objective can only be made to the detriment of one or more of the other objectives. It can also be described 

as a migrated system with an analyzing technique called multi-criteria decision analysis (MCDA). MCDA 
provides a systematic procedure to help decision makers choose the most desirable and satisfactory alternative 

under uncertain situations (Steven, 2000). For instance, in order to select a new automobile vehicle, many 

criteria need to be considered including the cost, speed, interior capacity, comfort level, and reliability. There is 

no optimal solution for this vehicle selection problem. One might want to choose a fast but inexpensive vehicle, 

while others might want a comfortable and reliable one. Therefore, using MCDA, a decision can be made 

according to the decision maker‟s preference. 

 A multiple-criteria problem begins when a decision maker has a situation that requires a decision. 

There are a number of criteria that the decision maker should be concerned with, and several different courses of 

action may be available to address most or all of the criteria in some way. The problem the decision maker is 

faced with is to determine which course of action or alternative would best satisfy the criteria and fully satisfy 

the constraints (Rao and Davin, 2008). According to many authors (see for instance, Zimmermann, 1991) 
MCDM is divided into Multi-objective Decision Making (MODM) and Multi-attribute Decision Making 

(MADM).  

 MODM studies decision problems in which the decision space is continuous. A typical example is 

mathematical programming problems with multiple objective functions. On the other hand, MADM 

concentrates on problems with discrete decision spaces. In these problems the set of decision alternatives has 

been predetermined. 

 Alternatives represent the different choices of action available to the decision maker. Usually, the set of 

alternatives is assumed to be finite, ranging from several to hundreds. They are supposed to be screened, 

prioritized and eventually ranked. Each MADM problem is associated with multiple attributes. Attributes are 

also referred to as "goals" or "decision criteria". Attributes represent the different dimensions from which the 

alternatives can be viewed. 
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 Almost all methodologies within multi-criteria decision analysis (MCDA) share similar steps of 

organization and decision matrix construction, but each methodology synthesizes information differently (Yoe, 

2002; Fiqueira et al 2005). Different methods require diverse types of value information and follow various 
optimization algorithms. Some techniques rank options, some identify a single optimal alternative, some provide 

an incomplete ranking, and others differentiate between acceptable and unacceptable alternatives. 

This paper therefore review the different multi-criteria optimization methods and its applications. 

 

II. OVERVIEW OF MULTI-CRITERIA DECISION MAKING (MCDM) METHODS 
Much of the early pioneering work with multi-objective optimization focuses specifically on structural design 

(Koski 1979, 1980). 

 There is no formal study of when decision making began (Koksalan et al. 2013). It is possible to trace 

the origin of decision analysis/utility theory and multiple objective mathematical programming. The roots of 
modern decision analysis/utility theory was noticed in the early work on the indifference contours by Edgeworth 

in 1880s, and was developed by Ramsey and de Finetti in the early 1930s and von Neumann and Morgenstein in 

1940s. The developments of multiple objective mathematical programming were rather independent of decision 

analysis/utility theory. Often the demarcating feature between decision analysis/utility theory and multiple 

objective mathematical programming was that the formal addressed problems under uncertainty, the latter 

deterministic problems. The main drive to the development of multiple objective mathematical programming 

was provided by linear programming and goal programming in particular. Multiple objective mathematical 

programming was developed mainly during the 1970s (Koksalan et al. 2013). 

 Multi-objective optimization originally grew out of three areas: economic equilibrium and welfare 

theories, game theory, and pure mathematics (Marler and Arora 2004).  According to Koksalan et al. (2013), the 

first known recorded work on multi-criteria decision making (MCDM) was carried out by the famous American 
statesman Benjamin Franklin. Even before Franklin‟s times, Aristotle (348-322 BC), a famous Greek 

philosopher and polymath, defines „preferences‟ as „rational desires‟. This might have been the first time where 

someone made the connection between rational decision making and human desires (preferences). Another 

researcher who has contributed immensely to the development of early MCDM approach was Vilfredo Pareto 

(1848-1923), the French-Italian economist, probably the first researcher whose work might formally be 

classified as MCDM who established an optimality concept in the field of economics based on multiple 

objectives.  A Pareto front is generated that allows designers to trade-off one objective against another 

(Mohammad, 2005). In his work (1906), he made the famous observation that 20% of the population of Italy 

owned 80% of the property. This was later interpreted by Joseph M. Juran as the Pareto principle (also termed 

the 80-20 rule). Pareto was the first (or at least one of the first) to mathematically study the aggregation of 

confronting criteria into a single composite index. He was also the first to introduce the concept of efficiency 

(which became known as Pareto-optimality), one of the key concepts of economics, negotiation science and 
modern MCDM theory.  

 Although various methods of multi-criteria optimization are common, they are often incomplete in 

terms of comprehensive coverage, algorithm presentation, and general applicability to engineering design. For 

instance, some authors only focuses on specific applications (Shanian and Savadogo 2006a, 2009; Chi-Nung 

Liao et al. 2011; Ashby 2000). 

 Multi-objective optimization in material design and selection was proposed and illustrated by Ashby 

(2000) where he developed a performance metrics characterizing each of the objective functions. Ashby (2005) 

developed material selection chart for a wide range of materials. The material selection procedure is performed 

based on two performance indices per chart. However, the graphical method is limited to, at most two 

objectives. 

 Marler and Arora (2009) proposed new insights into characteristics of the weighted-sum method with 
far reaching implications concerning the conceptual significance of the weights and techniques for maximizing 

the effectiveness of the method with respect to a priori articulation of preferences. Deb (2001) suggested a 

multi-objective genetic algorithm (GA) to solve the goal programming problem, where each goal were 

converted into an equivalent objective function, unlike the weighted goal programming method does not add 

any artificial constraint into its formulation. In addition, Romero (1985) shows that virtually all the multi-

objective and goal programming approaches can be thought of as special cases of a general distance function 

model. 

 Applications of the multi-objective optimization (MOP) approach in agricultural planning were seen in 

the work of Romero et al. (1987) where the compromise programming was adopted. Elahi et al. (2011) proposed 

fuzzy compromise programming solution for supplier selection in quantity discounts situation. Also, 

Mohammad (2005) applied the multi-criteria optimization method in surface location error and material removal 

rate in high speed milling under uncertainty.  
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 In the work of Linkov et al. (2004), maxi-min method was discussed, based upon a strategy that tries to 

avoid the worst possible performance, maximizing the minimal performing criterion. The alternative for which 

the score of its weakest criterion is the highest is preferred. The maxi-min method can be used only when all 
criteria are comparable so that they can be measure on a common scale, which is a limitation. 

Messac and Hattis (1996) apply physical programming to the design of high-speed transport planes. Messac and 

Wilson (1998) apply physical programming to the design of a robust controller for a two degree-of-freedom 

spring-and-mass system. Physical programming has also been used with complex problems such as finite 

element sizing optimization involving inflatable thin-walled structural members for housing. 

 In the work of Shanian and Savadogo (2009), the Technique of ranking Preferences by Similarity to the 

Ideal Solution (TOPSIS) in a deterministic domain was used. It is believed that the method has good potential 

for solving the material selection problem of fuel cell components like bipolar plates. 

 Rao and Patel (2011) proposed a novel multiple attribute decision making (MADM) method for 

solving the material selection problem. The method considers the objective weights of importance of the 

attributes as well as the subjective preferences of the decision maker to decide the integrated weights of 
importance of the attributes. 

 

1.1 Multi-criteria Decision making (MCDM) Methods 

 In literature, multi-criteria decision making (MCDM) methods and optimization approaches have been 

applied in different ways. The problem with MCDM methods are generally a selection problem whereby one 

attempts to select the best or optimal alternative from a pre-specified but finite set of alternative. Selecting a 

particular MADM method depends on the characteristics of a problem, and is also partly based on the decision 

maker‟s preference. To solve MADM problems with homogenous data type, two approaches can be used. 

Firstly, data can be treated exclusively in order to form a set of uniform input parameters, and classical MADM 

methods can be used to solve the problem. Secondly, MADM methods should be modified in order to accept 

mixed input parameters. Both approaches should lead to the same result, but the former one seems simpler and 

more efficient (Hwang et al. 1992). In recent literature, common MADM methods found include Simple 
Weighted Addition method (SWA), Analytical Hierarchical Process (AHP), and different outranking methods 

such as the Elimination and Choice Translating Reality (ELECTRE).  

 The AHP was developed by Saaty (Saaty 1980, 1992). The essence of the process is decomposition of 

a complex problem into a hierarchy with goal (objective) at the top of the hierarchy, criterions, and sub-

criterions at levels and sub-levels of the hierarchy, and decision alternatives at the bottom of the hierarchy. In 

the standard AHP model the decision maker judgments are organized into pairwise comparison matrices at each 

level of the hierarchy. The judgments are point‟s estimates of the preference between two elements of the level. 

Let us denote the paired comparison matrix  ,/1| ijjiij aaaA   ,0ija  },...2,1, kji  , where k is the 

number of elements of the particular level. Saaty (1990) proposes to use preference expression ija  integers in 

the range 1 through 9, where 1 means that the i-th and the j-th element are equally important and 3 moderately 

more, 5 strongly more, 7 very strongly and 9 means that i-th element is absolutely more important than the j-th 

element. The values 2, 4, 6, and 8 are allotted to indicate comparison values of importance. Ratio scale and the 

use of verbal comparisons are used for weighting of quantifiable and non-quantifiable elements. The method 

computes and aggregates their eigenvectors until the composite final vector of weight coefficients for 

alternatives is obtained. The entries of final weight coefficients vector reflect the relative importance (value) of 

each alternative with respect to the goal stated at the top of hierarchy. To elicit pair wise comparisons performed 

at a given level, a matrix A is created in turn by putting the result of pair wise comparison of element i with 

element j into the position ija  as below: 
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 After obtaining the weight vector, it is then multiplied with the weight coefficient of the element at a 

higher level (that was used as criterion for pair wise comparisons). The procedure is repeated upward for each 

level, until the top of the hierarchy is reached. The overall weight coefficient, with respect to goal for each 

decision alternative is then obtained. The alternative with the highest weight coefficient value should be taken as 

the best alternative. One of the major advantages of AHP is that it calculates the inconsistency index as a ratio of 

the decision maker‟s inconsistency and randomly generated index. This index is important for the decision 
maker to assure him that his judgments were consistent and that the final decision is made well. The 

inconsistency index should be lower than 0.10. Although a higher value of inconsistency index requires re-
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evaluation of pair wise comparisons, decisions obtained in certain cases could also be taken as the best 

alternative. 

 The elimination and choice translating reality (ELECTRE) method is capable of handling discrete 
criteria of both quantitative and qualitative in nature and provides complete ordering of the alternatives. The 

problem is to be so formulated that it chooses alternatives that are preferred over most of the criteria and that do 

not cause an unacceptable level of discontent for any of the criteria. The concordance, discordance indices and 

threshold values are used in this technique. Based on these indices, graphs for strong and weak relationships are 

developed. These graphs are used in an iterative procedure to obtain the ranking of alternatives (Nijkamp et al. 

1990). This index is defined in the range (0–1), provides a judgment on degree of credibility of each outranking 

relation and represents a test to verify the performance of each alternative. The index of global concordance 

ikC represents the amount of evidence to support the concordance among all criteria, under the hypothesis that 

iA  outranks kA . It is defined as follow. 
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 where jw  is the weight associated with  jth criteria. Finally, the ELECTRE method yields a whole 

system of binary outranking relations between the alternatives. Because the system is not necessarily complete, 

the ELECTRE method is sometimes unable to identify the preferred alternative. It only produces a core of 

leading alternatives. This method has a clearer view of alternatives by eliminating less favorable ones, especially 

convenient while encountering a few criteria with a large number of alternatives in a decision making problem 
(Pohekar and Ramachandran, 2004, Shanian and Savadogo, 2006b). 

 All these methods allow cardinal data as input parameters, which reflects that the decision maker would 

use MADM methods only when a certain degree of information is available. Among the methods, there is no 

research shown that any one of them will perform better than others, but there is much dissension about the 

“truthfulness” of the results. (Steven 2000). This is because, under different assumptions and constraints, 

inconsistent rankings between two MADM methods are possible. Since the result from one method might not be 

enough to provide confidence to the decision maker, it is suggested that more than one method be applied. If 

ranking from different MADM methods are similar, the highest ranked alternative can be guaranteed to be the 

most preferable one to a decision maker as it has the highest confidence level. 

However, the situation is not always optimistic. The worst case scenario might occur when a variety of ranked 

orders exist. In this case, MADM aggregation can be used to analyze them. In this step, all rankings from 

MADM methods are aggregated for finding a consistent result. 
 

III. MULTI-CRITERIA OPTIMIZATION METHODS 
There are different methods of multi-objective optimization being classified in terms of articulation of 

preferences in solving engineering problems. This includes the following:  

 Methods with a priori articulation of preferences: This method allows the user or designer to specify 

preferences, which may be articulated in terms of relative importance of different objectives. Some of the 

methods that belong to this group are Linear aggregation/Weighted sum method, Compromise 

programming method, Weighted min-max method, Goal programming, Exponential weighted method, 

Weighted product method, Bounded objective function method, Lexicographic method, Reference Point 
Method, and desirability function approach, etc, (Marler et al. 2004; Mohammad 2005). 

 Methods for a posteriori articulation of preferences: Sometimes, it is difficult for a decision maker to 

express an explicit approximation of the preference function. Therefore, it can be effective to allow the 

decision maker to choose from a range of solutions. The decision maker‟s preferences are presumably 

embedded in the parameter set. Multi-criteria optimizations that belong to this group are Physical 

programming method, Genetic algorithm, Normal boundary intersection (NBI) method and Normal 

constraint (NC) method. 

 Methods with no articulation of preferences: Most times, the decision maker cannot actually define what he 

or she prefers. This group of multi-criteria methods does not require any articulation of preferences. Most of 

the methods are simplifications of the methods with a priori articulation of preferences mentioned above by 

setting all of the weights to one. They includes: Global criterion method, Compromise function, Objective 
sum, Min-max method, and Objective product 

 

The general multi-objective optimization (MOO) problem is presented as follows: 

x
:Minimize  F(x)  =    Tk xFxFxF )(),...,(),( 21

   (1) 
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Subject to:   ;0)( xg j    j = 1,2, . . ., m 

where k is the number of objective functions, m is the number of inequality constraints, 
nEx  is a vector of 

design variables (also called decision variables), where n is the independent variables ix , and 
kExF )(  is a 

vector of objective functions )(xFi . 

 

3.1 The Weighted Sum Method 

 The weighted sum model (or WSM) is probably the most commonly used approach, especially in 
single dimensional problems (Triantaphyllou et al. 1998). Using the weighted sum method to solve a problem 

entails selecting scalar weights wi and optimizing the following composite objective function: 
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 The weighting coefficient denotes the relative importance of the responses. Since a minimizing 

objective can be converted to a maximizing objective by multiplying it by -1 (i.e. minimize (x)f i  = 

maximize (x)f i ). Also the values of different functions or the coefficients of the terms in the functions may 

have different order of magnitude, it is necessary to normalize the objectives, in order to convert all objectives 
into the same dimensions or dimensionless before combining them into one. The objective functions may be 

converted to their normal forms as follows: 
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for each Ii  and Jj  

where jw  is the weight assigned to objective I, for each Ii  

 ij  is the coefficient of term j in response function i, for each Jj  and Ii  

 )(xf i  is the objective function i, for each Ii  

Aggregate the objective functions into a single function as follows and add the structural constraints: 

 Maximize, 
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 Subject to:   ;0)( xg j    Jj  

where )(xg j  is the feasible constraints. 

 

IV. LIMITATION OF THE WEIGHTED-SUM METHOD 
 In fact, a fundamental deficiency in the weighted sum method is that it can be difficult to discern 

between setting weights to compensate for differences in objective-function magnitudes and setting weights to 

indicate the relative importance of an objective as it is done with the rating methods. Since weighted sum 

approach involves a weight for each objective, it is sometimes difficult to achieve the task due to the objectives 
importance. 

 By combining all objectives in a single objective function (and transforming the multi-objective 

optimization problem in a single objective one) at one application of the algorithm can be obtained at most one 

solution. In order to obtain multiple solutions, the algorithm will be applied several times. Even then, you cannot 

be sure that all solutions are different. Running time required is another disadvantage of the weighted sum 

approach (Das and Dennis 1997). 

 Previous research has shown that the weighted sum method often produces poorly distributed solutions 

along a Pareto front, and that it does not find Pareto optimal solution in non-convex regions (Kim and de Weck, 

2005; Messac et al. 2000a, 2000b). This means that an even distribution of the weights among objective 

functions does not always result in an even distribution of solutions on the Pareto front. 
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3.2 Compromise programming  

 Compromise programming was first proposed by Zeleny (1973) and subsequently used by many 

researchers. This is a multi-criteria decision making (MCDM) technique, a powerful tool that can assist 
designers to select suitable material for a product design. The compromise programming identifies the best 

compromise solution as the one that has the shortest distance to an ideal point where the multiple objectives 

simultaneously reach their optimum values (Adeyeye and Oyawale, 2010). Compromise programming entails 

minimizing the difference between the potential optimal point and an ideal point (utopia point), 

 **

2

*

1

* ,...,, kFFFF  , where )(min*

\ xfF jsxj  . The ideal point is not practically achievable but may 

be used as a base point. The next best option is a solution that is as close as possible to the ideal point. Such a 

solution is called compromise solution and is Pareto optimal. The term close usually implies that one minimizes 

the Euclidean distance, ( pL ) which is defined as: 
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jjp FxFwFxFL

1

1

** )(|)(|








 


,   ί = 1, 2, . . ., k   (7) 

where )(xF j  is the value of the objective functions, 

  

 For the 1L  metric (p = 1), we achieve “the longest” distance geometrically speaking, the best 

compromise or closest solution to the ideal solution is obtained. The compromise programming method is 

illustrated with the data in example 1 with the same weight values (see table 5). 

 

One of the limitation of the CP is that if 2 ≤ p <  , then the objective function of the CP (p,w) is nonlinear and 

not easy to handle. However, for p =  , we have the CP ( , w) as a min-max problem. 

 To avoid biasing the distances computation, normalization is often required reducing unwanted effects 

resulting from the choice of measurement units or from the range of the domain. In maximization problems, this 

can be made with respect to the ideal point. However, in minimization problems, it is preferable to normalize 

using the nadir point. The nadir point is defined by the maximal values of each of the objectives within the set of 

Pareto optimal solutions, which is expressed as: 

  ****

2

**

1

** ,...,, kFFFF  , where )(max *

** xfF jsxj 
 .     (8) 

 

Seeking a compromise is thus an effort to achieve an ideal solution and the quality of this compromise is then 

measured by its distance to the ideal solution. The relative importance assigned to each of the objectives by the 

decision-maker may also be expressed by a set of weights 0jw  , and 
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1

1 . Though the weights 

representing relative importance are used as the preference structure when applying CP, it has been 

mathematically proven that CP is superior to the weighted-sum (WS) method in locating the efficient solutions, 

or the so called Pareto points (Steuer, 1986). 

 

The general expression for calculating a Euclidean weighted and normalized distance ( pL ), between the values 

of the functions of the two solutions, )(xF j  and 
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Thus, the CP method allows one to seek solutions that approach the ideal point that is not itself generally 

feasible. The multiple objectives are thus represented within a single function that is the weighted and 

normalized distance to the ideal point.  

 

3.3 Weighted min-max method 

The weighted min-max formulation is given as follows: 

  o

iii
i

FxFwU  )(max        (10)   

A common approach for treating equation (10) is to introduce an additional unknown parameter :  
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λX,x
λ  Minimize


         

subject to    ,0)(  
o

iii FxFw  ί = 1, 2, . . .,k.     (11) 

)(xFi  and 
o

iF  are objective function and utopia point respectively. 

However, increasing the number of constraints can increase the complexity of the problem. 

The weighted min-max method is the limit of equation (7) as p . 

 There are a lot of modifications made on equation (7) by several researchers, in order to alleviate the 

potential for solutions that are only weakly Pareto optimal. These modifications were seen in the work of Steuer 

and Choo, (1983); Kaliszewski (1985); Romero et al. (1998) using the augmented weighted Tchebycheff 
method and that of Kaliszewski, (1987) as shown in equation (12) and (13) respectively: 
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where   is a sufficiently small positive scalar assigned by the decision maker. Steuer (1989) suggests that (13) 

is necessary and sufficient for Pareto optimality as long as   is not too large. md  

 
Application of this method is illustrated with data in table 1 and 2 as shown in table 6. 

Using equation (10) , we have   o

iii
i

FxFwU  )(max  

where U is the utility function,  XxxfF i
x

o

i  |)(min , as the utopia point or  ideal point, the iw is a 

vector of weights typically set by the decision maker such that 1
1

 

n

i iw  and w > 1. 

 

3.4 Weighted product method (WPM) 

 The weighted product model (or WPM) is very similar to the WSM. The main difference is that instead 

of addition in the model there is multiplication. Each alternative is compared with the others by multiplying a 

number of ratios, one for each criterion. Each ratio is raised to the power equivalent to the relative weight of the 
corresponding criterion. 

 The Weighted Product Method was introduced by Bridgeman (1922) and was referring to as product of 

powers. Other researchers like Gerasimor and Repko (1978) have successfully apply the method to minimize the 

weight, displacement, and difficulty of construction, where the cross-sectional areas of the rods are the design 

variables, and constraints are strength and stability. However, the approach has not been used extensively, and 

the characteristics of the weights are unclear. This lack of extensive use could be the result of potential 

nonlinearities in the utility function and consequent computational difficulties. 

 Contrary to the weighted-sum method, the different measurement units here do not have to be 

transformed into a dimensionless scale by a normalization process. This is because in the WPM method, the 

attributes are connected by multiplication. The weights become exponents associated with each criteria value 

(positive power for beneficial criteria, and negative power for non-beneficial criteria). The multi-criteria utility 

function U of alternative iX  is given by: 

  iw

i

n

i

xFU )(
1

       (14) 

where iw  is the weights indicating the relative importance of the objective functions.  

 

3.5 Desirability function approach 

 The concept of desirability was first introduced by Harrington (1965), as a method for multi-criteria 

optimization. The approach was further modified by Derringer and Suich (1980) and Kim and Lin (2000). In 

desirability function approach, each desirability ( id ) function may be related to particular design 

objectives, )(xf i . Considering the simultaneous effects of multiple objectives or individual objective functions, 



Review of Multi-criteria Optimization Methods – Theory and Applications 

www.iosrjen.org                                                    8 | P a g e  

a systematic transformation scheme (from )(xf i  to id ) can be utilized to aggregate every value of individual 

desirability into a single global desirability index through a weighted geometric mean (Yetilmezsoy 2012). 

In order to discover the global optimal conditions, each predicted ἱ th objective )(xf i , (ἱ  = 1, 2, . . . , n) is 

transformed to a scale free desirability value id  ( 10  id ), where 0id  represents completely 

undesirable objective and 1id represents completely desirable or ideal response. Generally, the goal of 

optimization is to maximize desirable objectives, minimize undesirable objectives, and hit the target level of 

some. If the objective function is to be maximized (Larger-the-Better (LTB) type), its individual desirability 

function id  is defined as: 
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where n denotes the number of objectives, 
m in

if  and 
m ax

if are the minimum and maximum acceptable values 

of )(xf i  respectively, it  is an exponent chosen to reflect how rapidly the deviation from the target value of 

objective ί  becomes undesirable, for each Ii . If the objective function of interest is minimization (smaller-

the-better (STB) type), the individual desirability function id  is defined as follows: 
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And for target is best situation, the desirability function becomes: 
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where i  is an exponent chosen to reflect how rapidly the deviation from the target value of response ί towards 

its lower limit becomes undesirable, for each Ii  

 The values of it  and i  can be chosen so that the desirability criterion is easier or more difficult to 

satisfy. Consequently, the desirability approach can convert a multi-objective problem into a single-objective 

one. Then, the optimal conditions for several objectives is obtained by maximizing the overall (global) 

desirability D, which is the weighted geometric mean of all the individual desirability functions  10  D  

(Coffey et al. 2007; Akalin et al. 2010), given as: 
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where D is the overall desirability, n is the number of objectives, iw  is the relative importance of the ἱ th 

objective and 



n

i

iw
1

1 . 

 

3.6 The Reference Point Method 
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 A paper presented by Kalyanmoy et al. (2006) also discussed on multi-objective optimization based on 

reference point and using evolutionary algorithms. In their paper, the concepts of reference point methodology 

in an evolutionary multi-objective optimization was used and attempt to find a set of preferred Pareto optimal 
solutions near the regions of interest to a decision maker. The procedure adopted is equivalent to using a weight 

vector emphasizing each objective function equally or using 
m

wi

1
 . This means that if the decision-maker is 

interested in biasing some objective more than others, a suitable weight vector can be used with each reference 

point and instead of emphasizing solutions with the shortest Euclidean distance from the reference point. The 

Euclidean distance measure with the following weighted Euclidean distance measure  

 ijd   =  





















2

minmax

)(

ii

i

i
ff

Zxf
w

    (19)

 

where 
max

if  and 
m in

if are the population maximum and minimum function values of ith objective. The weighted 

distance measure can also be used to find a set of preferred solutions in the case of problems having non-convex 

Pareto-optimal front, where wi is the ith component of a chosen weight vector used for scalarizing the objectives. 


Z reference point for an M - objective optimization problem of minimizing )(),...,(1 xfxf m  with sx . 

 

 The authors proposed interactive evolutionary multi-objective optimization (EMO) and decision-

Making using Reference direction method that borrows the concept of reference direction approach from the 

multi-criterion decision-making literature and combine with an evolutionary multi-objective optimization 

procedure to develop an algorithm for finding a single preferred solution in a multi-objective optimization 

scenario efficiently. 

 EMO methodologies have demonstrated to find a set of trade-off optimal solutions in solving multi-

objective optimization problems. The interactive EMO methods can hope to achieve the following tasks by 

exploiting the population aspect of EMO. 

1. Instead of finding a single preferred solution on the Pareto-optimal front, an EMO can assist in finding a set 

of preferred solution or a preferred region on the Pareto-optimal set. The advantage of finding a region of 
solutions instead of a single solution is that (i) the decision-maker can provide a tentative information about 

his/her preference (i.e., the reference point need not be precisely chosen), (ii) a set of solutions near a 

preferred solution provides information about other solutions which are close to the preferred solution but 

may have interesting trade-off for the decision-maker to consider and (iii) the knowledge of more than one 

solution near the preferred point may help decipher common properties of such solutions, thereby providing 

salient information about desired solutions. 

2. Instead of finding preferred solutions near a single portion of the Pareto-optional frontier, an EMO can help 

find multiple preferred regions corresponding to differing preferences simultaneously. This task is 

particularly useful if the decision- maker is not sure whether to concentrate near a single preferred region or 

to explore multiple preferred regions simultaneously. 

3. EMO can replace any repetitive application of single objective optimizations which may be needed in a 

classical interactive multi-objective optimization and decision-making task. 
 

Some of the limitations of this method are as follows (Janusz and Marek, 2006): 

 Preferences are specified for each criterion separately; this supports an easy and precise definition of 

preferences but less experienced users may have problems with correct interpretation of such preferences in 

terms of trade-offs between criteria. 

 Specification of preferences requires more information than required for the weighted criteria approach. 

 Modification of preferences aimed at examining certain regions of Pareto sets might be difficult for 

problems with many criteria. 

 Qualitative criteria must be mapped into a quantitative scale 

The known implementations do not deals with hierarchical criteria structures. 

 

3.7 Physical Programming 

 Initially developed by Messac (1996), physical programming maps general classifications of goals and 

objectives, and verbally expressed preferences to a utility function. It provides a means of incorporating 

preferences without having to conjure relative weights. Objective functions, constraints, and goals are treated 

equivalently as design metrics. In general, the decision maker customizes an individual utility function, which is 
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called a class function  )(xFF ii



, for each design metric. Specifically, each type of design metric is first 

associated with a type of individual utility function distinguished by a general form, such as a monotonically 

increasing, monotonically decreasing, or unimodal function. Then, for each metric, the decision-maker specifies 

the numerical ranges that correspond to different degrees of preference (desirable, tolerable, undesirable, etc.). 
These ranges include limits on the values of the metrics, which are modeled as additional constraints. Because 

of the way these class functions are constructed, physical programming is able to effectively optimize objective 

functions with significantly different orders of magnitude (Messac et al. 2004). The requirement that the 

decision maker quantitatively classify different ranges of values for each metric can be viewed in two ways. On 

one hand, it suggests that physical programming requires significant familiarity with each objective and 

constraint. On the other hand, in a more positive light, it implies that physical programming allows one to make 

effective use of available information. The individual utility functions, as non-dimensional unimodal 

transformations, are combined into a utility function as follows: 

 








 


md
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ii
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xFF
d
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1
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1

log)(       (20) 

where dm represents the number of design metrics being considered. 


iF  is the mean value of the response for each Ii  

 Messac et al. (2001) prove that physical programming provides a sufficient condition for Pareto 

optimality. In addition, Messac and Mattson (2002) demonstrate how physical programming can be used as a 

necessary condition for Pareto optimality, providing all Pareto optimal points. In fact, it is superior to the 

weighted sum method and to compromise programming in its ability to represent the complete Pareto optimal 

set with an even distribution of points (Chen et al. 2000; Messac 2000a; Messac et al. 2001). 

 

3.8 The Goal programming Method 

 Goal programming has become one of the most powerful and popular theoretical method for dealing 

with multi-objective programming techniques (Hokey and James, 1991).  Charnes et al. (1955), Charnes and 

Cooper (1961), Ijiri (1965), Charnes et al. (1967) and many others has been instrumental in the development of 

various forms of goal programming method.  Actually, Charnes and Cooper (1961) first introduced the idea of 

„Archimedean‟ goal programming method, in which goals jg are specified for each objective function )(xF j . 

Then the total deviation from the goals  

k

j jd
1

||  is minimized, where jd is the deviation from the goal 

jg for the jth objective. To model the absolute values, jd  is split into positive and negative parts such that 

  jjj ddd , with ,0

jd  ,0

jd  and 0

jj dd . Also, 
  jjj ddd , where 



jd  and 


jd  

 represent overachievement and underachievement respectively. Archimedean goal programming (or 

weighted goal programming constitutes a subclass of goal programming, in which weights are assigned to the 

deviation of each objective from its perspective goal (Charnes and Cooper 1977). In GP model, all of the 

objectives are assigned target levels for achievement and a relative importance for achieving these levels. GP 

treats these targets as goals to aspire to and not as absolute constraints. Goal programming searches for a way to 

come as close as possible to reaching the goals, the objective of this technique is to minimize the sum of the 

deviations for all the goals (Chen and Shyu, 2006). There are many applications of goal programming, such as 

weapon selection system, supplier selection problem, production planning, for finding efficient asset-liability 

management of property-liability insurer, and many more.  

 There are two cases of goal programming, namely; (i) Non preemptive Goal Programming (NGP), (ii) 
Pre-emptive Goal programming (PGP). In the first type it is not possible to achieve all the goals because of their 

conflicting nature, and due to the fact that all goals are of roughly comparable importance, and there will be 

deviations from their target values for all or some of the responses. These unwanted deviations are assigned 

weights according to their relative importance to the decision maker (DM) and should be minimized as an 

Archimedean sum (Tamiz et al. 1998). This is known as weighted GP (WGP). (The preemptive (or 

lexicographic) goal programming approach is similar to the lexicographic method in that the deviations 

  jjj ddd  for the objectives are ordered in terms of priority and minimized lexicographically. A 

lexicographic minimization may be defined as a sequential minimization of each priority while maintaining the 

minimal value. There is a hierarchy of priority levels for the objective function, so that primary importance 
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receive first priority attention, those of secondary importance receive second priority attention and so forth 

(Adeyeye and Oyawale, 2010).  

 GP approaches have been applied to solve many real-world problems. However, many multiple-choice 
aspiration levels may exist, such as “something more/higher is better” or “something less/lower is better” 

(Chang, 2007). These typical multiple choice GP problems cannot be solved using the traditional GP approach. 

Chang (2007) presented a multi-criteria goal programming (MCGP) method to solve these types of problems, 

and it can be expressed as follows: 

(MCGP model) 

 




 
n

j

jjjj dd
1

)(min          (21) 

Subject to 
jmj2j1 gor   . . . gor  g)(  

jjj ddxf  

  njdd jj ,...,2,1,0, 
 

  Fx (F is a feasible set), 

where jig (ί = 1,2, …, m and j = 1,2, …, n) is the ίth aspiration level of the jth goal; 

j  and j  are the weights reflecting preferential and normalizing purposes attached to positive and negative 

deviations of jth goal, respectively; ))(,0max( xfgd jjj 
 and ))(,0max( jjj gxfd 

 are, 

respectively, under- and over-achievements of the jth goal, )(xf j  is the linear function of the jth goal, and jg  

is the aspiration level of the jth goal. 

 

Disadvantages of Goal programming 

 GP requires that the decision maker specify fairly detailed a priori information about his or her aspiration 

levels, preemptive priorities, and the importance of goals in the form of weights. 

  In many complex problems, it is difficult (or even impossible) for the decision maker to provide the precise 

information required by these methods 

 

NOTE: studies have shown that decision makers find it relatively easy to specify ordinal rankings for goals, but 

they are unable to derive meaningful preference weights on a cardinal scale. These difficulties are aggravated 
further when the goals are not related to each other.     

 

V. DISCUSSION 
 The Weighted Sum Method is suitable for situations when the designer is interested in minimizing 

undesirable objective functions while at the same time, also wants to maximize desirable responses. 

 The Compromise Programming is useful when one wants to identify the closest distance to an ideal 

solution, where the multiple objectives simultaneously reach their optimum point and idea point. Its 

effectiveness depends on the value of the exponent p.  

 The Weighted Product Method is applied mostly when the designer allows functions with different 
orders of magnitude to have similar significance and also to avoid objective function transformation. However, 

the method lacks extensive use as a result of potential nonlinearities in the utility function and consequent 

computational difficulties. 

 The weighted min-max method is equally suitable approach that can provide the complete Pareto 

optimal set with variation in the weights; it also provides a necessary condition for Pareto optimality. In 

addition, it is sufficient for weak Pareto optimality. 

Desirability function approach is suitable when the designer maker wants to minimize some objective 

functions, maximize some and achieve target values for some objective functions simultaneously. 

 The reference point method is applied mostly in an evolutionary multi-objective optimization in finding 

a single preferred solution in a multi-objective optimization, and the procedure allows the decision maker in 

biasing some objective more than others using a suitable weight vector with each reference point. 

 Physical programming is an effective method in providing Pareto optimal points that accurately 
represent the complete Pareto optimal set. It provides a means of incorporating preference without having to 

conjure relative weights. This means that physical programming operates based on imposed preferences; it 

provides a means to circumvent the use of weights, which may be awkward. Here, the constraints and objectives 

may be treated equivalently as design metrics. Moreover, the programming complexity is high. 
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 The goal programming is generally suitable for cases where the designer wants to achieve target values 

for the objective functions and the functions are of comparable importance. In addition, it is useful when the 

objective functions are in hierarchical order of importance, especially when designer wants to achieve lower 
priority objective(s) without sacrificing the achievement of higher priority at the same time. 

 Given the variety of methods discussed in this paper, the question arises as to which method is the best. 

Unfortunately, there is no distinct answer. However, methods that provide both necessary and sufficient 

conditions for Pareto optimality are preferable.  

 

VI. CONCLUSION 
 In general, multi-criteria optimization requires more computational effort than single-criteria 

optimization. Methods with a priori articulation of preferences require the user to specify preferences only in 

terms of objective functions. Alternatively, methods with a posteriori articulation of preferences allow the user 
to view potential solutions in the criterion space. 

 Selection of a specific scalarization method for a priori articulation of preferences which allows the 

user to design a utility function depending on the type of preferences that the decision maker wishes to 

articulate. 

 Most multi-criteria optimization algorithms depend on the efficiency of the single-objective 

optimization algorithm. Hence, it is necessary to select an efficient single-objective optimization algorithm and 

associated software. 

 Moreover, methods with a posteriori articulation of preference are less efficient than methods with a 

priori articulation of preferences in terms of computer process unit time. 

 Though, this paper has not exhausted the multi-criteria optimization methods. Many other multi-criteria 

methods such as reference point method, genetic algorithm, exponential weighted, bounded objective function, 
etc. may also be useful. 
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